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Abstract 

We present a model where a non-conventional scalar field may act like dark energy 
leading to cosmic acceleration. The latter is driven by an appropriate field configura- 
tion, which result in an effective cosmological constant. The potential role of such a 
scalar in the cosmological constant problem is also discussed. 



*e-mail: kehagias@cern.ch 
June 2006 



During the last years, evidence of an accelerating expansion of the Universe, first pub- 
lished in [1],[2], has become one of the most striking results in modern cosmology and in 
physics, in general. The most obvious cause of this acceleration is a cosmological constant, al- 
though a large number of alternatives have been proposed [3]. Here we will discuss a rather 
simple, although non-conventional, scalar model, which may also account for the present 
Universe acceleration. 

The scalar field we will consider is a real one and its dynamics is determined by the action 



The parameter k is a numerical constant and the shifts {x + a) in the argument of the scalar 
field are generated by a 4- vector a'*, which has only a time component, i.e., — (a, 0, 0, 0). 
Hence, for x^ — {t, Xi,X2, x^) we have (x + a) — {t + a, Xi, X2, x^). We assumed for simplicity 
that there is no potential for the scalar field. The unusual feature of the action (3) is 
that, besides the standard kinetic term, there is also an additional non-local derivative 
term ^. A similar term has been discussed first time to my knowledge, by Feynman in his 
thesis [4] in a classical mechanical context, and in connection to the theory of action at a 
distance. It can be considered as describing a field interacting with itself in a distant mirror 
by means of advanced and retarded waves. In a modern picture, modelling our universe as 
a 3-brane, it could be the result of a scalar interacting in a distant 3-brane through bulk 
waves. Alternatively, expanding for t >> a, we see that 



and for k < 1/2, we have a higher-derivative theory. Irrespectively of its origin, we would 
like to couple this scalar field to gravity and find cosmological solutions for the corresponding 
gravity-scalar system. 

The scalar field equation can be obtained from the action (3), after scalar variations 
S^{x), and the resulting equation is 






(3) 




(4) 



Similarly, the induced energy-momentum tensor is given by 



t(*) = d^^x) - kd^^{x) d^^{x+a) -kd^^{x+a) d^^{x) 



This modifies the propagator of the scalar field, which for the action (3) is given by 




(2) 



For |fc| < 1/2 it has a single pole at = 0. 
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~g^, [d,^x) df^^x) - 2k dp^x) d'^^x+a)] , (5) 

and, according to the standard prescription, gravity should coupled to it. However, this is 
not possible in the present case and T^*-* cannot be the right-hand side of Einstein equations. 
The reason is that, due to the second term in the action(3), general coordinate invariance 
is lost and consequently, T^*^ is not conserved. Indeed, it can easily be verified that the 
covariant divergence of T^*-' does not vanish. Instead we find that 

V^rW^ = kV^^x-a)d^^x) - kV^^x)d^^x+a) . (6) 

Gravity must couple then to an "improved" energy- momentum tensor Qfj,u, which we define 
as 

and it is such that V^©^*^ = 0. Hence, the extra term t^i, must satisfy 

^i^t"^ = kV^^x)d^^x+a) - kV^^x-a)d^^x) , (8) 
in order 0^^, to have vanishing covariant divergence. Einstein equations are then written as 

which is now a consistent system to be solved. 

We will look now for cosmological solutions to eqs(4,9) of the form 

ds^ = -df + a{tf (dx^ + dy^ + dz^) , $ = . (10) 

Then, we get from eq.(5) that the induced energy-momentum tensor is 

T'^*)''^ = diag(-p$,p$,p$,p$) (11) 



where 



Moreover, defining 



= ^^tf - k^t)4>{t+a) , = p$ . (12) 



t''^ = diag(-p,p,p,p) , (13) 
we find that t^^ satisfies eq.(8) and Q^i, — T*^ -|- t^i, is conserved for 

rt+a .. 

p ^ k J ^{r-a)^{T)dr , 

p = k^{t+a)^{t) - k^t-a)^{t) - k J ^{T-a)^{T)dT . (14) 
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Indeed, the conservation of Q^i, is equivalent to 



P$ + P + 3- (p$ + p + +p) = , (15) 
a 



which can easily be verified for p<s>,p<s>, p,P of eqs.(12,14). Then, the improved energy- 

e form 

= diag(-p@,p0,pe,p0) , (16) 



momentum tensor 0^^, has the form 



where 



1 . . . ft+a .. 

Pe^P^ + P^ -$(i)2 _ k^{t+a)^t) + k J ^{T-a)^T)dT , 

1 . . . /-t+a .. 

p^^p^+p^ mf-km-a)^t)-k ^T-a)^T)dT (17) 

^ J t 

and Einstein (9) and scalar equations (4) are explicitly written as 

> 

'-Pe , (18) 
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-2--;^ = .%, (19) 

<E>(i) - A; ^{t+a) - k ^{t-a) + 

+3- ($(t) - k $(t+a) - k $(t-a)) = . (20) 
a 

A first integral of the scalar equation (20) is 

$(i) -k^{t+a) -k^t-a) = ca{t)-^ , (21) 

where c is an integration constant. As usual, only two of the equations (18,19,20) are 
independent. We take Friedman equation (18) and the integrated scalar equation (21). 
With a vanishing c(= 0), the solution in the usual case /c = is $ = constant. However, in 
the present case where k ^ 0, other solutions exist as well. Indeed, one may easily verify 
that a solution to eq.(21) with c = is provided by the configuration 

^(t) — m f cosh (/jLt) + i/sinh (pt)\ p. — Q;~'^arccosh(-^) (22) 
^ ^ 2k 

where m, p are mass parameters and z/ is a numerical one. Then, the right-hand side of 
Friedman equation (18) turns out to be 

= ^ ~ ^ arccosh(-)3 , (23) 
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which is a real constant for < /c < 1/2. Moreover, we also get that 

^® " ^ " ^ arccosh(— )^ = -Pe , (24) 

which is the typical equation of state for cosmological constant. Thus, in this model, the 
scalar leads to an effective cosmological constant A$ with value 



^ ^2 (1 - ^ ) arccosh( — )3 . (25) 

The parameter /j, is of the order of a~^, and the observed cosmic acceleration could be 
driven by a field like the present one for ^ 10^«^(1 — z/^)^^cm~^. Thus, a scalar field 
with dynamics described by the action (3) is a candidate for dark energy Moreover, it can 
also be considered, in principle, as an inflaton field for an early time inflation. 

We should note here that our scalar field may also be used for the cosmological constant 
problem [5]. In the presence of a bare cosmological constant A, Einstein equations (9) are 
written as 

Rfiu - ]^gnuR + J^9nu = K^T^u , (26) 

where T^,^ is the matter energy-momentum tensor. With a non-zero A, flat space-time is 
not a solution, namely, g^u = Vtiu does not satisfy (26). However, for T^,^ = Q^i, the bare 
cosmological constant A is shifted to A -|- A$ by the scalar fleld (22) and it can take any 
value by appropriate choice of the numerical parameter i/. Then, by adjusting u so that 
A$ = —A, flat space-time is now a solution to eq.(26). This is always possible for a negative 
bare cosmological constant, whereas, for a positive one, the parameter i/ should be such 
that V > 1. In the latter case, although is negative violating seemingly weak energy 
conditions, the energy density p$ of the scalar field associated with the canonical energy- 
momentum tensor is positive for t > 0. In other words, for any value of A, there always 
exists a scalar described by the action (3) and profile given by (22), which may nullify A or 
drive it to its present value. The question why this value is so tiny remains open. 
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